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Abstract. The fact that symbols in the modulation space M 1,1 generate 
pseudo-differential operators of the trace class was first mentioned by Fe- 
ichtinger and the proof was given by Grochenig 11 21 . In this paper, we show 
that the same is true if we replace M 1,1 by more general ^-modulation spaces 
which include modulation spaces (a = 0) and Besov spaces (a = 1) as special 
cases. The result with a = corresponds to that of Grochenig, and the one 
with a = 1 is a new result which states the trace property of the operators 
with symbols in the Besov space. As an application, we also discuss the trace 
property of the commutator [cr(X, D), a], where a(x) is a Lipschitz function 
and a belongs to an a-modulation space. 



1. Introduction 

In our previous paper [IT], we have discussed the L 2 -boundedness of pseudo- 
differential operators with symbols in the a-modulation spaces Mf'* (0 < a < 1), a 
parameterized family of function spaces, which include the modulation spaces Mf ,q 
(a = 0) and the Besov spaces B^' q (a = 1) as special cases. More precisely, the 
symbol a £ M,'^'^ 1 ',^} , >, which means a(x,£) belongs to M°°'L in both x 

J (an/2, an/2), (a, a)' \ i^/ & an/2, a 

and £, generates the L 2 (R")-bounded pseudo-differential operator. Especially in 
the case a = (resp. a = 1), this result corresponds to that of Sjostrand [23] (resp. 
Sugimoto [H]), which says the L 2 -boundedness of the operators with symbols in 
the modulation space M 00,1 (resp. Besov space B^'^j 1 ^' 1 ^). 

On the other hand, it is known that symbols in the modulation space M ' gen- 
erate pseudo-differential operators of the trace class. This fact was first mentioned 
by Feichtinger and the proof was given by Grochenig [12] . As a corollary, we get 
the result by Daubechies [6] which says that cr 6 L 2 s (R 2n ) n H s (R 2n ) has the same 
property 

\W(X,D)\\ Tl <C(\\(x;O s v(x,0\\lHr^) + \\(x;0 S ^>0\\l^)) 
for s > 2n, where || • \\ Xl is the trace norm, R 2 " = R™ x R™ and (x; £) = (1 + \x\ 2 + 
l^l 2 ) 1 / 2 (see Grochenig [13l Corollary 8.38]). Further developments in this direction 
can be also seen in Cordero-Grochenig [S], Fernandez- Galbis [8], Grochenig-Heil 
OH, Labate QU and Toft [25J12S]. 

On account of our L 2 -boundedness result, it is natural to expect that the same 
trace property is true if we replace M > by more general a-modulation spaces 
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M/ 1 ! 1 /^ t /n\ i ^■ We remark that the notion of a-modulation spaces was intro- 

{an/ 2,an/ 2) ,{a,a) 1 

duced by Grobner [TT], and developed by the works of Feichtinger- Grobner [7], 
Borup-Nielsen [1] [2] and Fornasier [9] . The precise definition of them will be given 
later in Section 2. The following is our main theorem: 

Theorem 1.1. Let Q < a < 1. Then there exists a constant C > such that 
for all a £ M, (1,1 )' (1,1 L , il" x R"). 

>* {an/2, an/2), (a, a) \ / 

Theorem 11.11 with a = 0, which requires ct G M 1 ' 1 , is the result by Grochcnig 
[l2l IT3]. On the other hand, Theorem 11.11 with a = 1 states the trace property of 
the operators with symbols in the Besov space Bj^J^'n/oi) > there seem to be few 
literature mentioning this fact. We remark that the spaces M 1 ' 1 and B^l^'n/'i) 
have no inclusion relation with each other (see Proposition IA.ll in Appendix A). 
The proof of Theorem 11.11 will be give in Section [3] It follows the same spirit as 
used in |13j . but requires extra arguments. In fact, roughly speaking, modulation 
spaces are characterized by the uniform decomposition {k + [— 1, l] n }kez n while 
Besov spaces the dyadic one {{£ £ R™ : 2 J_1 < |£| < 2 J+1 }}j>i. The main obstacle 
of the proof comes from the non-uniformity of the decomposition used to define the 
a-modulation spaces, because they arc defined by an intermediate type of uniform 
and dyadic ones. In order to overcome the difficulty, we introduce a modified version 
of Rihaczck distribution (see Section [3]), whose original one was used in [13j and 
works only for the uniform decomposition. 

We mention here the relation between known results and ours. We have already 
mentioned the result by Daubechies [6] which says that a e L\{9? n )V\H s (R 2 ™) (s > 
2n) is sufficient for the corresponding operator to be of the trace class. This result is 
adirect consequence of the inclusion L 2 s (R 2n ) nH s (R 2n ) C M 1 ' 1 ^ 2 ™) (s > 2n) (see 
Proposition lA.2l fl)). But there is a significant improvement by Heil-Ramanathan- 
Topiwala [TS] and Grochenig-Heil [T3], which says that a G L 2 (R 2 ™) n H B {R 2n ) 
(s > n) is sufficient. This result includes the pioneering one 

\HX,D)\\ Xl <C Y, \\x a ^d^'dfa(x,0h^) 

|a|H \-\/3'\<2k 

(2k > n) by Hormander [16] (see also Grochenig [T3l Corollary 8.40]). On the 
other hand, we can say that two conditions a £ M 1 ' 1 and a £ i 2 (R 2 ™) n H s (R 2n ) 
(s > n) are independent ones since we have M 14 (M 2 ") £ L 2 (R 2 ™) n H s (R 2n ) 
(s > n) and M 1 ' 1 ^ 2 ™) ^ i 2 (R 2 ") n H s (R 2n ) (s < 2n) (see Proposition (2), 
(3)). Furthermore our new condition a £ Bj^^'n/'vj i s a l so independent of them 
since B^J^.jhW 1 x M") <jL i 2 (M 2 ") n H s (R 2n ) (s > n) (see Proposition ES(2)). 

Although we cannot expect the inclusion B^f/^^xl") D L 2 (R 2n )nH s (R 2 ") 
for s > n, it is true at least for s > 2n (see Proposition IA. 31 (1)), hence Theorem 
11.11 with a = 1 includes Daubechies' one again. 

As an application of Theorem 11.11 we also discuss the trace property of the 
commutator [a(X,D),a], where a{x) is a Lipschitz function. The L 2 -boundedness 
of the commutator was discussed by Calderon [3], Coifman-Meyer (4j and Marschall 
[in], where a belongs to Hormander 's class S p 5 (5 < p, < S < 1). In [T7], we 
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have generalized the result with p = S = to the case when a G M/™'^ „ v'ix / ■,. 
We can again expect the trace property of the commutator if we assume a G 
^(anj'^an+i) (a a) instead, replacing oo by 1. In fact we have the following theorem: 

Theorem 1.2. Let < a < 1. Then there exists a constant C > such that 



[a(X,D),a]\\ Xl < CHValMlal 



for all Lipschitz functions a and a G ^(aJw2an+i) (a a)(^™ x ^")- 

The proof of Theorem 11.21 will be give in Section [U We finally remark that the 
result on the Schatten class X p can be obtained by interpolation argument. In fact, 
it is known that a(X,D) is a Hilbert-Schmidt operator if and only if a G L 2 (M. 2n ), 
and we have ||ct(X, £>)||x 2 = ||<t||x,3(r2») (see Pool [3T]). Moreover we can easily see 
that Ho-H^^n) x \\cr\\ (2,2), (2,2) , that is, o-(x,£) G L 2 (R 2n ) if and only if a(x,£_) 

Ai (0,0),(c,a) 

belongs to M ' Q in both x and £. Hence ||cr(X, D)||x 2 X \\o~\\ , ,(2,2), (2,2) , and if we 

JW (0,0),(c, a ) 

interpolate it with Theorem 1 then we have 



M 



(1,1), (1,1) 

(m/J,<™+l),(«,a) 



\a(X,D)\\ Ip <C\\a\ 



M 



(p,p),(p,p) 



'(<*„(l/p-l/2),<w>(l/p-l/2)), (<»,<*) 

for 1 < p < 2. On account of the argument above, we only discuss the trace class 
X\ in this paper. 

2. Preliminaries 

We first review some of the standard facts on singular values of compact opera- 
tors, following Zhu [31, Chapter 1] and Simon [22]. Let 1 < p < 00. The singular 
values sj(T) of a compact operator T on L 2 (M. n ) are the eigenvalues Aj(|T|) of the 
positive compact operator \T\ = (T*T) 1 / 2 , where T* is the adjoint of T. We say that 
a compact operator T belongs to the Schatten class X p if {sj(T)}°^ 1 G l v . In this 

case, we write T G X p , and define the norm onI p by ||T||x p = ( Sj=i s j(^) p ) • I n 
particular, X\ and I2 are called the trace and Hilbert-Schmidt classes, respectively. 
It is known that for every j G Z + = {0, 1, 2, ... } 

s J+1 (T)=inf{\\T-F\\ c{L2) :Fe^} 7 

where C(L 2 (W 1 )) is the space of all bounded linear operators on L 2 (W l ), and Tj 
is the class of all linear operators with rank less than or equal to j ([311 Theorem 
1.34 (a)]). Consequently, 

(2.1) ||T|| £(i 2 ) = Sl (T)<||T||x p . 
Since \\T\\ Xp = \\T*\\ Ip ([33 P- 18]) and 

s j+1 (T) = min max{||T/|| : ||/|| za = 1, </,/,) = 0, 1 < i < j} 

r [3TI Theorem 1.34 (b)]), where (•, •} denotes the L 2 -inner product, we see that 

(2.2) \\ST\\ Xp < ||S|[ r(£a) \\T\\ Xp and \\ST\\ Xp < \\S\\ Xp \\T\\ c{L2) . 
lfTeX p , then 

i/p 

t^) T lr =^ v \J2\(Tfj,9j)\ P ' 
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where the supremum is taken over all orthonormal systems {fj},{gj} in L 2 (R n ). 
Conversely, if T G £{L 2 (R n )) and the right hand side of j23J) is finite, then T is a 
compact operator and T G I p ([HI Proposition 2.6]). 

Let <S(R n ) and <S'(R n ) be the Schwartz spaces of all rapidly decreasing smooth 
functions and tempered distributions, respectively. We define the Fourier transform 
Tf and the inverse Fourier transform T~ x f of / G <S(K™) by 

*7(0 = /(0 = ^ e~ J «- /(a:) dx and ^/(z) = _L_ j ^ e <*-€ /(£) 

Let a(x, £) G <S(R n x R n ). We denote by T\a{y, £) and T 2 (r{x, 77) the partial Fourier 
transforms of cr in the first variable and in the second variable, respectively. That 
is, Ti<j(y, £) = .F[er(-, £)](y) and T?.<y{x, rj) = T\a{x, -)](ry). We also denote by .F^ 1 a 
and ^~ 1 cr the partial inverse Fourier transforms of <r in the first variable and in the 
second variable, respectively. We write T\jx = T\T 2 and ^2 = F\ ^2 > an< ^ note 
that T11 and F^ are the usual Fourier transform and inverse Fourier transform 
of functions on R™ x R". 

We introduce the a-modulation spaces based on Borup-Nielsen [HE]. Let -B(£, r) 
be the ball with center £ and radius r, where £ G R n and r > 0. A countable set Q 
of subsets Q C R™ is called an admissible covering if R" — Uq^qQ and there exists 
a constant n such that jj{Q' G Q : Q n Q' 7^ 0} < no for all Qe Q. We denote 
by |Q| the Lebesgue measure of Q, and set (£) = (1 + |£| 2 ) 1/2 , where £ G R™. Let 
0< a < 1, 

rq = sup{r > : B(c r ,r) C Q for some c r G R ra }, 
' 2 4 ' i? Q = inf {R > : Q C 5(c H , i?) for some c fl G R"}. 

We say that an admissible covering Q is an a-covering of R™ if \Q\ x (£} Qn (uni- 
formly) for all £ G Q and Q G Q, and there exists a constant K > 1 such that 
AqA-Q ^ # for a11 Q £ 2, where "|Q| X (£} Qn (uniformly) for all £ G Q and 
Q G <2" means that there exists a constant C > such that 

C" 1 ^)"" < |Q| < C(O an for all £ G Q and Q G Q. 

Let tq and i?Q be as in (|2.4[) . We note that 

(2.5) £(c Q ,r Q /2)cQc5(d Q ,2i? Q ) for some c Q , d Q G R", 
and there exists a constant rei > such that 

(2.6) \Q\ > Kl for all Q G Q 

since |Q| x (£ Q ) Qn > 1, where £q G Q. By ([231), w e see that s„r% < \Q\ < s n R%, 
where s n is the volume of the unit ball in R™. This implies 

" — r n „n nil — pn — lt: 

' Q 1 Q 

that is, 

(2.7) |Q| xr^x^ for all Q G Q 

(see [TJ Appendix B]). It follows from (|2.6p and (|2.7p that there exists a constant 
K2 > such that 

(2.8) R Q > k 2 for all Q G Q. 



PSEUDO-DIFFERENTIAL OPERATORS WITH SYMBOLS IN a-MODULATION SPACES 5 



We also use the fact 

(2.9) <£ Q ) x (C Q ) for all f g> ^ € Q and Q G Q. 

If a 7^ 0, then (|2.9|) follows directly from the definition of a-covering \Q\ X (Cq)"™- 
By (|2.7[) . if a = then i?g x |Q| x (£q) an = 1, and consequently there exists 
i? > such that Rq < R for all Q G Q. Hence, by (|23|) . we have Q C B(d Q ,2R) 
for some g?q eM". This implies that (|2.9|) is true even if a = 0. 

Given an a-covering Q of R n , we say that {^qIqseS is a corresponding bounded 
admissible partition of unity (BAPU) if {V'Qj'QeQ satisfies 

(1) supp^Q C Q, 

(2) E Qea V'Q(0 = lforalHeM" ) 

(3) sup QeQ ^"VqIU 1 < °°- 

We remark that an a-covering Q of R n with a corresponding BAPU {V'qIqgq C 
5(R n ) actually exists for every < a < 1 ([1, Proposition A.l]). Let 1 < p, q < oo, 
sGR, 0<a<l and Q be an a-covering of R n with a corresponding BAPU 
{V'qIqgS C <S(R™). Fix a sequence {£q}qeq C R™ satisfying £q G Q for every 
Q G Q. Then the a-modulation space Mf;«(R n ) consists of all / G 5'(M n ) such 
that 

1/9 



< oo 



(with obvious modification in the case g = oo), where ip(D)f = JF _1 [i/)/] = 
(J 7-1 ?/;) * /• We remark that the definition of Mf'J is independent of the choice of 
the a-covering Q, BAPU {V'qIqgQ an d sequence {£q}qgQ (see [TJ [2J Section 2]). 
Let V G <S(R") be such that 

(2.10) supple [-l,l] n , ^2*p(£,~k) = l foralUGM". 

If a = then the a-modulation space Mf'*(R n ) coincides with the modulation 
space Mf>9(R"), that is, ||/|| M f.j x ||/|| A/ j>.*', where 



i/'/ 



E (*rlhK^-*)/III, 



vfeeZ" 



If s = 0, then we write MP>«(R n ) instead of M£ ,9 (R"). Let p , ^ e S(R n ) be such 
that 

oo 

(2.11) supp^ C {1^1 < 2}, supp^C {1/2 < |C| <2}, <M0+E P( 2_J '0 = 1 

i=i 

for all £ G R™, and set tpj(£) = (p(^/2 j ) if j > 1. On the other hand, if a = 1 then 
the a-modulation space Mf^(R™) coincides with the Besov space 5P ,9 (IR n ), that 
is > 11/11 Af?;« x ll/llsr 9 ' where 

1/9 

;2^ii^(D)/ni/ 
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We remark that we can actually check that the a-covering Q with the corresponding 
BAPU {ipQ}QeQ C <S(R") given in p] Proposition A.l] satisfies 

(2.12) = / in for all / G S'(R n ) 
QeQ 

and 

(2.13) Yl E 4>Q(D*)4>Q'(Dt)v(x,t)=*(x ) t) in 5'(K"xl") 
QeSQ'eS 

for all a G S'(R" x E n ), where < a < 1, 

and i/'Q ® V'Q' (^j ?) = ^Q^^Q'iC)- I n the case a = 1, (|2.12|) and (2.13) are 
well known facts, since we can take {<Pj}j>o as a BAPU corresponding to the a- 
covering {{|£| < 2},{{2^ 1 < |£| < 2 j+1 }} j > 1 }, where {ipj}j> is as in (|2~TT|) . In 
the rest of this paper, we assume that an a-covering Q with a corresponding BAPU 
WqIqgq C S(R n ) always satisfies ([2TT21 and (j2~T3|) . 

We introduce the product a-modulation spaces ^jjwfjfK" xM") as symbol 
classes of pseudo-differential operators. Let 1 < p, q < oo, si, S2 G R, < a < 1 
and Q be an a-covering of R" with a corresponding BAPU {4'q}q£Q. C <S(R n ). Fix 
two sequences {xq}q s q, {£q'}q'£Q C R ra satisfying xq £ Q and £q/ G Q' for every 
Q,Q' G Q. Then the product a-modulation space M^M^^JR" x R") consists 
of all a G <S'(R" x R n ) such that 



1/9 



3eQ Q'eQ 



< OO 



(with obvious modification in the case q = oo). Since we can take {%/)(■ — k)}k^Z" 
as a BAPU corresponding to the a-covering {k + [—1, l] n }kei,™ if a = 0, we have 

M jp,p),(q,q) mn x R n) = M b,P),(9,9)( R n x R n) where 
(si,s 2 ),(0,0) v > / (si,s 2 ) v " 



w\\ M ( r u r ) = { £ E ((fc} si ^) S2 ii^(^-fc)^(^-^iiL P ( 



1/9 



and ^ 6 S(R") is as in pJOjl . In particular, the space M&*H™)(R n x R") of 
product type on R™ x R n coincides with the ordinary modulation space M P,9 (R 2 ™) 
on R 2n . Here we have used the fact that ip ® -0 satisfies (|2.10[) with 2n instead of 
n. Similarly, M^H q }f A) (R™ x R") = ^ (R™ x R"), where 



1/9 



kil B cp,p).(«.d = { J2J2(. 23S1+kS2 ^( D ^ k ( D ^^ 

j=0 k=0 



t«l.«2) 



and {<^j}j>o is as in (|2.11[) (see Sugimoto [551 p. 116]). Hereafter, we simply write 

M ™s 2 ),J Rn X R ") inStCad 0f ^£fi)?tf,a)( Rn X R ")' whCrC P = (P'P)> ^ = (?'?) 

and a. = (a, a). 
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We remark the following basic facts, and give the proof in Appendix B for reader's 
convenience. 

Lemma 2.1 ( 17, Lemma 2.1]). Let Q be an a-covering ofW 1 and R > 0. Then 
the following are true: 

(1) If (Q + B(0, R)) (~l Q' ^= 0, then there exists a constant k > such that 

k _1 (£q) < (Zq,Q>) < k(Zq) and k- 1 ^,) < (£q iQ ,) < K {&) 

for all £q G Q, £qi £ Q' and £q,q' G {Q + -6(0, i?)) fl Q', where n is 
independent ofQ,Q' G Q. In particular, (£q) X (£q')- 

(2) There exists a constant n' such that 

tt{Q' G Q : (Q + B(Q, i?)) n Q' ^ 0} < n' /or aZZ Q G Q. 

3. Trace property of pseudo-differential operators 

In this section, we prove Theorem 11.11 For a G iS'(K" x R"), the pseudo- 
differential operator a(X, D) is defined by 

a{X,D)f{x) = 1 ±- [ e****(x,Qf{Z)d£ for / G S(R n ). 
We define the Rihaczek distribution R(f, g) of / and g by 

RU,9){?,Z) = mWje~ iX< for x,£ G R n . 

Then 

(<r(X, £>)/, 5 ) = (27r)- n (a, i?( 5 , /)) for all /, g G S(R"). 

Grochenig proved that <j(X, D) is a trace operator if a G M 1,:l (R 2 ™), and the 
Rihaczek distribution plays an important role in his proof 13J. 

Let < a < 1 and Q be an a-covering of R™ with a corresponding BAPU 
{■0q}q s q C iS(M n ). In order to prove Theorem ll.il we introduce a modified version 
of Rihaczek distribution -Rq,q'(/, g) of / and g defined by 

RQ,Q>(f,9){x,Z) = f(x)We- l{x/RQHi/RQ,) for G M", 
where /, <? G S(R"), Q,Q' G Q, and Rq,Rq> are as in (f!E4| . We denote by 
RQ t Q>(f,g) the Fourier transform of RQ,Q'(f,g) in both variables x, £ G R™, that 

is, RQ,Q'(f,g) = ^i,2RQ,Q'(f,9)- 
Lemma 3.1. Let f,g G <S(R n ). TTien 

JR™ 

Proof. By Fubini's theorem, 

RqM9)M= I I e- i ^ x ^R Q , Q >(f,g)(x,0dxd^ 
JR" Jr 

= / e^"* f(0 f / e - ^*/* **'^ 1 /(x) dx) c?£ 

JR" \JR" J 

Jn. n 

The proof is complete. □ 



8 



MASAHARU KOBAYASHI, MITSURU SUGIMOTO, AND NAOHITO TOMITA 



Let pi,<p 2 G 5(R n ) \ {0} be such that 
(3.1) ^T,^>0, ^ > 1 on U : |^| < 4 + 1/4/ti}, suppi^ C {£ : |£| < 1/4}, 
where K2 is as in (|2.8|) . 

Lemma 3.2. Lei (pi, ip2 G 5(M") fee as m (|3.ip . TTien i/ie following are true: 

(1) For every a,/3 G Z£, sup QQ , eQ \\d^d^R Q! Q>(ifi, </?2)||i~(R»xE») < oo. 

(2) There exists a constant C > sucft i/ia£ |-Rq,Q' , 9^2) (y? 17) | > C /or a/i 
Q,Q' G Q, |2/| < 4 and |r/| < 4. 

Proof. By Lemma |3. 11 

d^d^R Q .Q / (ip 1 ,ip 2 )(y,v) = 
Hence, 



M(v, v)\ < 4- |/31 ||a Q ^T||^ \\^\\ L r 

for all y, 77 G R™ and Q, Q' G <2, and this is the first part. 

We next consider the second part. Note that cos (77 ■ £) > C > for all |r/| < 4 
and |£| < 1/4 since \r) ■ £\ < 1. Similarly, c£T(y + (£/RqR q ,)) > 1 for all |y| < 4 and 
|£| < 1/4 since \y + (£,/ RqRq>)\ < 4+ 1/4k|, where k 2 is as in (|3~T|) . Therefore, by 
Lemma |3. II and our assumption </?i, £2 > 0, we have 

l-RQ.Q'Cvi^a)^,*?)! 



> 



(cos(77 • - i sin(r/ • 0) + (£/RqRq>)) MO ^ 
/ cos(»7-0^(l/ + (e/i2Qi2<3'))^(0^ 
003(77 • C) £T(y + {Z/RqRq>)) MO 



€l<l/4 



> c 



$i(y + (Z/RQRQ>))w(Z)dS>c 



l«l<l/4 



^5(0 « = C||va| 



□ 



'ki<i/4 

for all 1 77 1 < 4. The proof is complete. 
Let (fix , ifi2 be as in (|3.ip , and set 

(3-2) <PQ,Q>{V,V) = RQ,Q'(<Pi,M((y - d Q )/Rq, (rj - d Q/ )/R Q/ ), 

where dQ 7 dQ> , Rq , Rq< are as in (|2.5[) . We denote by T x and Mj the operators of 
translation and modulation: 

T x f(t) = f(t-x), Msf(t) = e*- t f(t), 

where x,£,t G 1". 

Lemma 3.3. Let Qq.q' = J~i2 i PQ,Q' > where <pq.q is defined by (|3.2j) . Then 

$Q,Q'(*,0 = (M dQ/R<3 ViXRqx) F[{T dQ , /RqI M(-/Rq> )] (O^ 4 
/or aH Q, Q' G Q. 
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Proof. A straightforward computation shows that 

®Q,Q'(x,0 = T {y\)Mx,i) <P2)((V ~ d Q )/R Q , (v - d Q >)/RQ>) 

^ R^R n Q> e^ +d ^^ Tll%, QI ( Vl ^ 2 )(R Q x.,R QI 
= RZRfye^+^'-V R QtQ ,{y u v2){R Q x,R Q ,(,) 
= R2 } R^,e i{d ^ x+d Q'^ ipx{Rqx) ^.{Rq-Ci e -»'(^*/««)-(*o'«/*t>0 
= Rq (M dQ / Rq (Pi)(Rqx) R%,nTd Q ,/R Q ,<P2](RQ'0 e~ ix <. 

This completes the proof. □ 

Lemma 3.4. Let $q,q' = J~\\y>Q,Q' , where <^q,q is defined by (|3.2[) . TTien i/iere 
exists a constant C > smc/i £/iaf 

/or Q,Q' £ Q and y, T) G M". 
Proof. By Lemma 13.31 

*o,o'(a; -v.€-»7) = ^qWw^OCMz - y)) 

x n(T dQ , /RQ ^2)(-/RQ'M-v)e-' l{x - v) - { ^ ) 
= R$e i *>* (T RQy M dQ/RQVl )(R Q x) 

= R Q{ M ri/RQ T RQV M d Q /R Q ^Pl){RQx) 

x ^PW^ M RQiri T dQl/RQl <p 2 )(-/Rq. )] (|) e-^-^^ . 

Hence, 

= e"*™ (2 7 r)-"(/,^[(T, /iiQ ,M iiQ , J7 T dQ , /flQ ^ 2 )(-/ J R Q 0]> 

x R%{M v/RQ T RQy M dQ/RQ <p x ){R Q x) 
= e-^ (/, (T y/RQ ,M RQir ,T dQ , /RQ ,<p 2 )(-/R Q ,)) 

x ( M 77/fi« T RQV M d Q /RqVi) (Rq x ) , 
and consequently $q.q' (X—y, D — rj) is a rank one operator. By (|2.7p and Schwarz's 
inequality, we have 

\\*q,q.{X -y,D- v )f\\ L 2 < RI^M^^Tr^M^/^^Rq.)^ 

x \\(T y/RQ ,M RQ , v T dQ , /RQ> tp 2 )(-/R Q ,)\\ L 4f\\ L2 

= Rq /2 ''R^\\M v/ RQ T RQy M dQ / RQ ipi\\ L z 
x \\T y / RQ ,M RQ , n T dQ , /RQ ,ip2\\ L 2\\f\\Li 

= <X'VlU»IMMI/IU' 
< c|Ql 1/2 IQ'l 1/2 ll/IU= 

for all / e S(R n ), Q, Q' e Q and y, 77 e R". Therefore, 

||$ Q)Q ,(X-y,£>- 77)111, = Pq,q'(^ -V.-D- rj)\\ c{L2) < C\Q\ l ' 2 \Q'\ l l 2 
for all Q.Q'e Q and y, r\ S R". The proof is complete. □ 
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We are now ready to prove Theorem ll.il 
Proof of TheoremEji By ([2^3]) . 

(3.3) \\a(X,D)\\ Xl < U Q (D^Q'(D s )a(X,D)\\ Xl , 

Q,Q'eQ 

where Q is an a-covering of R™ with a corresponding BAPU {4>q}q£Q C <S(R n ). 
Let 7 G S(W l ) be such that 7 = 1 on {£ : |£| < 2} and supp7 C {£ : |£| < 4}, and 
set 

7Q,Q'(y,v) = 7((y - d Q )/R Q ) 7 ((77 - d Q >)/RQ>), 
where d,Q , d,Q' , Rq , Rq* are as in (|2.5p . Recall that suppV'Q C Q for all Q G Q (see 
the definition of BAPU). Since jQ : Q'{y,v) = 1 on {(y,rj) : \y - d Q \ < 2R Q , \rj - 
dQ>\ < 2Rq<}, we have by igSJ) 

(3-4) ipQ{y)ipQ'(v) =7Q,Q'(y,v)i>Q(y)i>Q'( , n) 

for all Q,Q' G <2 and y,r) & K™. On the other hand, since supp7 ® 7 C {(77,77) : 
\y\ < 4, |r/| < 4}, we have by Lemma l3~2l (2) 

i(y) i(v) 



ii.y)i(ji) = RQ,Q'(vi,V2)(y,v) 



RQ,Q'(<pi,V2){y,v) 



for all y,r] G K™, where </5i, y>2 are as in (13. ip . This implies 

jQ,Q'(y,v) = i((y - dQ)IR Q )i((v - d Q >)/R Q >) 

= Rq,Q> {¥1,^2) {(y - d Q )/R Q , (77 - d Q/ )/R Q/ ) 
j((y-d Q )/R Q ) 1 (( v -d Q ,)/R Q ,) 



(3.5) 



Rq,Q'{<Px, f2){{y - d Q )/R Q , (77 - d Q ,)/R QI ) 
7Q,Q'(y,V) 



VQ,Q'(y,V) 



<PQ,Q'(y,v) 



for all Q,Q' £ Q and y, 77 G K™, where >pq,q> is defined by ()3.2|) . Combining ()3.4 
and (|3.5[) , we see that 

"0Q (2/) V>Q' fa) =<PQ,Q>(y, rj) 7Q ' Q t~' ^ fa) V'Q' fa) 



for all Q.Q'eQ and y, 77 G R n . Then 
(3.6) 

7-1 f 7Q,Q' 
VVQ.Q' 

where $q,q' = F\\ i PQ,Q' ■ We note that 



T 



[4>Q(D x )^Q'(D 6 )a](y,r])dydr], 



(3.7) 

In fact, by Lemma 13. 2 



sup 

Q.Q'eQ 



/ 7Q,Q' 
1,2 \¥>Q,Q' 



< 00. 



L 1 (R"xR") 



sup 



7(2/) 7fa) 



RQ,Q'{vu^2){y,ri) 



< C a .j3 for all Q, Q' G Q, 
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where |a + /3| < 2n+l. Hence, using supp7 ® 7/-Rq,Q'(vi, y>z) C {(y, rj) : \y\ < 
4, \f)\ < 4} and integration by parts, we have 



(3.8) 



sup 

?,0'eC 



r 1,2 



7 ® 7 



L 1 (R"xR") 



^Q.Q'^l,^), 
On the other hand, by a change of variables, we see that 
-l f 70,0' 



< oo. 



<PQ,Q' 



(3.9) 



■p-i 



l xR") 

7 (gi 7 



,Rq,Q'{'Pi, 1 P2) , 



(Rqx,Rq.Z) 



L 1 ( R " xR ™) 



7 ® 7 



Rq,Q'(<PU<P2) j 



L!(R"xR") 



Combining ((SHJ) and (011), we obtain (|57fj> . Recall that (a; Q ) Q ™ x |Q| and (£q<) q ™ x 
Q'| for all G Q, where xq e Q and £q/ G Q' (see the definition of an 

cn-covering). By (|3.6|) . (|3.7|) and Lemma [3~4l we see that 



||^ o (D 8 )v>Q'(0eM*»-D)lk 



-1 f 70,' 



1,2 



VV?Q,Q' 



* [^(.D^Q^D^a^y,^) 



<C\Q\^\Q 



i/2 in' 1 1/2 



i / 70,0' 



L!(R™xR") 



' 2 \w,g 

<C( a ;Q) mi / 2 (eQO Q " /2 ||^o(^)^Q'(-De)T||L 1 (R"xR") 
for all Q,Q' E Q. Therefore, by fOJ) , we have 



1 1 i>Q{D x )lpQ> (£>{)cr||Li(R"xR") 



IK*,£>)lk <C ^ <XQ) an / 2 (eo') an/2 ||^o(^)^Q'(^)^IUMB"xM«), 
0,0'eQ 

where C is independent of a. The proof is complete. 



4. Trace property of commutators 



In this section, we prove Theorem II .2! We recall the definition of commutators. 
Let a be a Lipschitz function on R™, that is, 



(4.1) 



\a(x) - a(y)\ < A\x - y\ for all x, y G M n . 



Note that a satisfies (|4.f j) if and only if a is differentiable (in the ordinary sense) and 
d (i a G L°°(R™) for = 1 (see Chapter 8, Theorem 3]). If T is a bounded linear 
operator on L 2 (R n ), then T(af) and a(Tf) make sense as elements in L 2 oc (R") 
when / G S(M. n ), since |a(x)| < C(l + \x\) for some constant C > 0. Hence, the 
commutator [T, a] can be defined by 

[T, a]/(a;) = T(af)(x) - a(x)Tf(x) for / G S(R n ), 

where T is a bounded linear operator on L 2 (W l ). In order to prove Theorem 1 1.21 
we prepare the following lemmas: 
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Lemma 4.1 ([TTl Lemma 4.1]). Let T be a bounded linear operator on L 2 (M. n ), 
and a be a Lipschitz function on R" with ||Va||L°° ^ 0. Then there exist e(a) > 
and {a e }o< e < e (a) C 5(R n ) such that 

(1) ([T,a]f,g) = lim e ^o([T,a e ]f,g) for all /,<? G S(W n ), 

(2) ||Va e || L oo < C||Vo|| L - for all < e < e(a), 

where Va = (d\a, . . . , d n a), and C is independent of T and a. 



We give the proof of Lemma |4. II in Appendix B for reader's convenience. 

Lemma 4.2. Let a(x,£) G L 1 (W l x R n ) and 7 E 5(R") be such that suppS^ C 
B((,R) for all x G R" and supply C 5(0,1), where cr x (£) = cr(x,£) 7 0^(77) = 
Tio~(x, rf), £ £ R" and i? > 0. T/ien there exists a constant C > suc/i t/iat 



' a(x,^ + tr))j(r]) f(r])dr] 



dxd£, < C(l + i?) n/2 ||CT|| L 



for all f G 6>(R") and < t < 1, where C is independent of a, £ G R n and i? > 0. 

Proof. Since supp [a(x, £ + trf)] C t-B(C, -ft) and supp7 C -8(0, 1), we have 

supply [(7(jb, £ + trf) 7(77)] C i-B(C, ft) + B(0, 1) = B(t(, 1 + ifl) 

for all x,£ G R™ and < i < 1, where tB((,R) = {trf : rf G 5(C,ft)}. Hence, by 
Plancherel's theorem, 

e- ty - r > a{x, £ + trf) 7(77) drA f(x + y) dy 
F v ^y[o-(x, £ + trf) 7(77)] XB(t(,i+tR) (y) {T- X f){y) dy 

= (27t)« J ^ a(x, £ + trf) 7(77) ^[xBdci+tR) (T- X f)} (-77) dq 

for all x,£, G R™ and < t < 1, where Xs(tc,i+t-R) ^ s the characteristic function of 
-B(iO 1+tR). Therefore, by Fubini's theorem, Schwarz's inequality and Plancherel's 
theorem, we have 



e fa -" a(x,£ + tn) 7 (t?) f{rf) dr, 



dx d£ 



< (2tt)" 
= (2tt) b 
= (2tt) b 

< (2tt)™ 



|a(x, e + ty) I l7(v?) ^ [XB(tc,i+t fl) (T-xf)] (v) I <**7 
\o-(x,£)\dij F~ 1 [x B (tc;,i+tR) (T- X f)]{ri)\dr)dx 
\<r(x, 1 (J |7(?7) ^ r ~ 1 [Xs(*c,i+tfl) ( T -x/)] (7/) I d7^ dx d£ 
\a(x,0\ (ll7llL 2 |!^ 1 [XB( tC ,i+^) (T-xf)}h*) dxdH 
= (2^)"/ 2 / \a(x,0\(h\\L4XB(tt,i + tR)(T- x f)\\ L 2)dxdt 

<(2^)"/ 2 || 7 |U 2 |i?(tC,l + ii?)r /2 |kllL 1 (R"xR")ll/l|L» 
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= C(l+tR) n / 2 \\o-\\ L i (M n xR n ) \\f\\ L ~ <C(l + R) n / 2 \\<r\\ LH ^ xRn) \\f\\ L oo 
for all / e S(W l ) and < t < 1. The proof is complete. □ 

Lemma 4.3. Let < a < 1 and Q be an a-covering of K" with a corresponding 
BAPU {^qIqgq C <S(R"). Then, for every f3 £ Z^. i/iere exists a constant Cp > 
such that 

ll^C^VgJIUi < C^q}" 3 ' /or a// £,q e Q and Q £ Q. 

Proof. Let v? G <S(K") be such that tp = 1 on B(0,2), and set </j q (£) = tp(((, - 
o]q)/Rq) 1 where Q £ Q and oIq,Rq are as in (|2.5p . Since </?q = 1 on B(dq, 2Rq) 
and supp i/"q C Q C B(dQ,2Rq), we see that 



^V«0»0 = itoK*) = / e tdQ - {x ' y) Rq $(Rq(x - y )) (^Vq)GO rfy 

for all Q £ <2, where $ = T~ x <p. Hence, 

/3i+/3 2 =/3 JK " 

for all QeQ. Since P Q x IQI 1 /" ~ (£ Q )« ( S ee (22)) and £ Q £ B(d Q ,2Rq), 

\d Q \ < \d Q - e | + ICqI < 2i? Q + (Cq) < C(£q>, 
and consequently |c£q | < C(£q) for all £q £ Q and Q £ Q. Therefore, 



v/3'</3 



QeQ 



for all QeQ. The proof is complete. □ 
We are now ready to prove Theorem 11.21 

Proof of TheoremEM Let a £ MM /2 Qn+1) a (E n xK n ). Then, by TheoremOand 
(j2T|) . we see that cr(X, D) is bounded on L 2 (R n ). Note that a(x, £) £ L 1 (M n x M") 
since 



|o-|Ui(K»xH») < E H'M Z ^) 1 /'Q'( Z? ?HU 1 (R"xr™) < Ikl 



m, 



i.i 



Q.Q'eQ 

where Q is an a-covering of M n with a corresponding BAPU {4'q}qgQ C 5(R n ). 
We first consider the case a £ <S(R n ). Using 

o-(X, D) (af) (x) = -i- f e"" a(z, V ) aJ( V ) dn 



(27r)» V V ' ' V(2^) n 

1 



(27T) 



e"-"a(x,e + 77)0(77)^ /(Ode 



and 
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(2ir) 2n 

we have 
(4.2) 

[a(X, D),a]f(x) = C„ f e fa « f / e*"" £ + ry) - a(x, £)) Sfo) /(£) ^ 
for all / 6 iS(M" ), where C n = (27r)~ 2n . We decompose a and a as follows: 

oo 

^(^0 = X! a Q,Q'( x >0 and a ( x ) = E^" ) ^' 
Q,Q'eS j=o 

where <tq,q>{x,£) = Tl> Q (D x )^Q>(D i )a(x,S l ) and {tfj}j>o is as in (|2.1ip . Then 

oo 

(4.3) [a(X,D),a}= £ [a Q , Q >(X, D), cp (D)a] + j>pf, D), Vj {D)a\. 
Q.Q'eQ j=i 

Let us consider the first sum of the right hand side of (|4.3p . Note that <jq,q> G 
C°°(R n x M"). By g2]) and Taylor's formula, we have 

[a QtQ ,(X,D),Lp (D)a]f(x) 



fe=i 

for all / G <S(R n ), where 77 = (r? x , . . . , r?„) G K". Then, by Theorem [HJ 

|| [<7 Q , Q ,(X,D),^o(£>)a] Hi, 
(4.4) n 







e"'" (%ctq,Q')(^ £ + tq) <Po(v) 9ka(v) dq 



dt 

Af 1,1 



fe=i 

for all Q,Q' eQ. Set 

Tq'.q'^jO = j£ e ™' v ( d & a Q,Q')( x >£ + tr l) <Po(v) dka(r]) drj. 

Recall that supp?/>Q C Q (see the definition of BAPU) and supp^o C {|r/| < 2}. 
Since 

Fx->x>[tq'*q,(x,(;)] = J T x ^ x > [e lx ' n {d (k <7 Q ,Q>)(x,£ +trj)] tp (r)) d k a{rj) drj 



and 



e <(«+*m ( ^ } ^ ( ^) T2 [^ q (d x )ct] (x, O MV) Ka{i) d v , 



we see that 

supp^ x ^[r^* C {x' G R n : x' G Q + 
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Then, by (|2.9[) . Lemma |2~T1 and supg 6 g ||^ 7_1 V'qIIl 1 < °°, we have 

= E E <*Qr /2 <^r /2 



k,t 

r Q,Q' 



M 



(4.5) 



Qn(Q+B(O,2))#0 Q'nQ'jt® 

QgQ Q'eC 



k,t 



<c(* e) -»( (Q r"»\ .... t „.. 

Let 7 e 5(K") be such that |-y | > 1 on {|£| < 4} and supp7 C {|a;| < 1} (for 
the existence of such a function, see the proof of [TUl Theorem 2.6]). Since ipo — 
<A) 7/7 — 7 (V0/7); w g can write y>o = 7 where $ = </?o/7 £ 5(K n ). Then 



(4.6) 



r 0,0' ( x '0 



e"'" (d ik (TQ,Q>)(x,Z + tri) 7(77) $(5X^^(7?) d»j. 



By (|2~9]) . dUTH and Lemma 1431 we see that 

ll%CrQ,Q'|| L l(R. xRn) < \\ d tk(' l l ) Q>( D S) t 7Q,Q 

Q'eQ 



(4.7) 



E 



L 1 



< 



V). 



E / 11% 1 ^ £, Q')IUi||c r Q,Q'(^, OIU 1 dx 
Q'nQ'#0 

< C (CQ')lkQ,Q'IU 1 (K n XE«) < Cno{£Q')\\<7Q,Q' 

Q'nQ'#0 
On the other hand, by (|2.5[) . 

(4.8) suppjF^/ [%^q,q'(x,0] C Q' C B(d,Qi , 2Rqi) for all x G R". 
Noting Rq, x IQ'I 1 /™ x (£ Q ,) Q (see (J2J])), we have by gj|, gZ), flU]) and 



Lemma 14.21 

fc,t 
0,0' 



< 



Z, 1 (R"xR") 



C(l + 2i? Q 0" /2 H%^,Q'IUH«"x R ")||*( J D)(5 fc a)|| i 



(4.9) 



<CR^ 2 (^}\\a Q , Q 4 LH ^^)\\^- 1 nL4dka\\ 1 



<C{^} an / 2+1 \\a QtQ ,\\ Li{M n xMn) \\Va\\ L ^ 
for all < t < 1. Combining (|4~4"]) . ((43)) and (j4~9|) . we have 

J] II ko,0' VoP)a] |k 

Q.Q'eQ 

<C||Va|| i0 c( ^ (^) ml/2 (CQ') Q " +1 |kQ,Q'|lL 1( R"x R ") 

Vo.O'eQ 



C||Va|U»||a|| M x, a 



(«n/2, m +l),o, 
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We next consider the second sum of the right hand side of (14. 3| . Since 

<Pj{p)a(x) = [ 7?»(?- x <p){2?(x - y)) (a(y) - a{x))dy 

and a is a Lipschitz function, we have ||<^j(-D)a||ioo < C2~ 3 || Va||^oo for all j > 1. 
Hence, by (|2.2p and Theorem ll.il we see that 

oo 
3=1 

OO 

<X)(||(7(X,I>)(^(I>)o)||l 1 + ||(p i (I>)oMX,I»)|| Il ) 
3=1 

OO oo 

<2j2\\<Pj(D)a\\ c(L * ) \\a(X,D)\\ Il =2j2\\<Pi(D)4L~\W(X,D)\\ Il 

3=1 3=1 

OO 

<Cj2z- j \\Va\\L"\W\\ M x,i <Cr||Vo|U-||<r||„M 

' ■ art / 2 ,a (an/2,an + l),a 

3=1 

Consequently, we obtain Theorem 11.21 with a S 6>(]R n ). 

Finally, we consider the general case. Let a be a Lipschitz function on R™. Since 
[cr{X, £>), a] — if a is a constant function, we may assume ||Vo[[ioo ^ 0. Then, by 
Lemma I4TT1 we have 

(4.10) ([a(X,D),a]f,g) = lim([a(X,D),a e }f,g) for all f,g € S(R n ), 

6— »0 

where {a e }o<e<e(a) C S(R n ) satisfies ||Vo 6 ||ioo < C||Va||L°° for all < e < e(a). 
By flUTI and Theorem O with a £ S(R n ), 

\\[<T(X,D),a e }\\c(L*) < IMX^),^}^ 

(4 ' H) ^ C ^ a ^ L ^K^n + r ha ^ C ll Va ll io °ll <T ll< 1 . /2 , Q „ +1 ,,« 

for all < e < e(a). Combining (|4.10|) and (|4.11j) . we have 

(4.12) ||[<7(X,£>),a]|U (i2) < C\\Va\\ L ^\\a\\ M ^ 

Then, (|4~TU)l . (|4~TT]) and (|4TT^I give 



(4.13) ([a(X,D),a]f,g) = ]im([a(X,D),a e }f,g) for all G L 2 (R n ). 

e— >0 

Lct {/jMSj} be orthonormal systems in L 2 (R n ). It follows from ([23]) . (TJTTJ, 
(|4.13p and Fatou's lemma that 

OC OO 

£ |([a(X, D), a]/j, 9j )\ = £ lim |([<t(X, D),a e ]fj,gj)\ 

3=1 3=1 ^ 

OO 

^liminf^K^X,^),^]/,,^)! 

3 = 1 

<hmiiif||KX,£>),a e ]]]x 1 <C'||Va||^|| ( r|| M x 1 x . 

e — >U (an/2,an + l),Ot 

Therefore, taking the supremum over all orthonormal systems {fj}, {gj} in L 2 (R n ), 
we have by (|2.3p 

\\[a(X,D),a\\\ Il <C\\Va\\ L ^\\a\\ M ^ / . 
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The proof is complete. 

Appendix A. The inclusion between function spaces 

We first consider the relation between £?(^/ 2n /2) anc ^ M 1 ' 1 . Let 1 < p, q < oo 
and p' be the conjugate exponent of p (that is, 1/p + 1/p' = 1). In [27l Theorem 
3.1], Toft proved the inclusions 

B p ' q , AW 1 ) ^ M M (R") ^ B p ' q . ,(R"), 

where 

i/i(p, q) = max{0, l/<? - min(l/p, 1/p')}, 

v%{p, q) = min{0, l/q - max(l/p, 1/p')} 

(see also Grobner [11], Okoudjou [20]). Due to [26] Theorem 1.2], the optimality 
of the inclusion relation between Besov and modulation spaces is described in the 
following way: 

Proposition A.l. Let 1 < p, q < oo and s£l. Then the following are true: 

(1) J/BJ' 9 (R n ) ^ MP'i(R n ), then s > nv x {p,q). 

(2) J/M^R") ^ BP'i(R n ), then s < nv 2 (p,q). 

In particular, we have the best inclusions 
(A.l) B^(R n ) ^ M 1A (R n ) ^ B^iW"). 

Hence, we see that B^ 2 (R. n ) and M 1 ' 1 (M n ) have no inclusion relation with each 

other, and Bh, 2n , 2 JM. n x R") and M 1,:l (R 2ti ) also have the same relation since 

\\f®g\\ M x,% = ||/|| M i.i ||.g|| M i,i andM f 1 ' 1 ) (M™xR") = M 1 ' 1 ^ 2 ™) (see Section 

[2]). We remark that the statement (2) was shown in a restricted case 1 < p, q < oo 
in 26], but it is also true for the endpoint p — oo or q — oo (see (171 Appendix A]). 

We next give remarks on the relation between M 1,1 and l? s n H s . Recall that 
the norms on L 2 (R 2n ) and JP(R 2n ) are defined by 

IMU;=(7 (x;0 2a \v(x,t)\ 2 dxd£ 

IMk- = (7 (x;0 2s \*(x,0\ 2 dxd£ 

where (x;£) = (1 + |a:| 2 + |£| 2 ) 1/2 and x,£ € R n . 

Proposition A. 2. JTie following are true: 

(1) J/s > 2n, fften i 2 (R 2 ™) n H s (R 2n ) ^ M 1,:L (R 2n ). 

(2) J/s < 2rc, tfien i 2 (R 2 ™) n JP(R 2 ™) ^> M 1 - 1 ^ 2 "). 

(3) J/s > n, i/ien Af 1,1 (R 2?l ) i 2 (M 2 ") n JJ S (R 2 ™). 

Proof. We give the proof only for (3) because the assertions (1) and (2) were already 
proved in [T3J Proposition 4.2]. Suppose, contrary to our claim, that M 1 ' 1 (M 2n ) 
L 2 (R 2n ) n JJ S (R 2 ™) for s > n. Then, by ((A~T|) . 

J?2^(R 2 ") ^ M 1 * 1 (R an ) ^ L 2 (R 2 ™) n JJ S (K 2 "). 
However, since (x; £)-2"-(s-n)/2 g ^(R 2 ") and (x; £)-2n-0-n)/2 ^ L 2 (R 2n ) if 
s > n, this is a contradiction. □ 
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We finally consider the relation between B,^, 2 n and L 2 n H s . 

Proposition A. 3. The following are true: 

(1) If s>2n, then L 2 s (R 2n ) n H s (R 2n ) B X A % n/2) (R™ xR"). 

(2) If s>n, then B^j 2 n/2) (M" x R") L 2 (R 2 ") n fP(R 2 "). 

Proof. Let s > 2n. By Schwarz's inequality, 



oc oc 



<7 R i,i 



3=0 fe=0 



= E E 2«+ fe )(«- s / 2 )/ 2 || (a; 0- /2 (x; S/2 2« + *)'/ 4 Vi (A^kPeMU* 

j=Q k=0 



oo oc 



< E E 2^' +fe)( "- s/2)/2 1| (x; 0- s/2 hi II (x; £>' /a 2 (j ' +fe)s/4 <Pj (D x )<p k (DtMv > 

j=0 fc=0 

where {<^j}j>o is as hi (I2.1ip . Using ah < (a 2 + b 2 )/2 for all a, b > 0, we have 
\\(x i 0'' a 2U+ k W<p j (D x )<p k (Dt)*\\ L * 



< \ (\\(x;0 s ^(D^k(D ( )a\\ L2 + \\^+ k >/ 2 ^{D x )^ k {D^)a\\ L , 



Hence, 
(A.2) 



(n/2,n/2) I 

(oo oc 
£ J- 2 (i+fe)(«-/2)/2|| 2 0-+feW2 ^(^)^(^) CT || L2 

Let = T~ x y>j, and we note that ipj(x) = 2 jn ^>(2 J x) if j > 1, where -0 = F~ x y> 
and G <S(R") is as in (|2~TT|) . Since 

Ki;^Vi(^»)v*PcV(a:,OI 

< C / |(x-2/;S-»?) s Vj( a: -y)V , fc(C-»?)||(y;»7) s o'(2/»»7)|dj/d77 



and (y; t?) s < (2Py; 2 k rj) s , we have by Young's inequality 

IKx^VjCAKOWk 

(A ' 3) <c( [ \{Vy-2 k vY^{y)Mri)\dydn\ \\(x;§" <t\\„ < C\\(x;§' <r\\ 



|L 2 



for all j,k > 0. On the other hand, since 2^' +fe ) s / 2 < C(x;£) s for all (x,£) G 
supp i^j x supp ifk , we have 

[|2«+*>»/ a ^(^)^(^)<7|U 2 = (2^)-"||2^ +fc ) s / 2 ® ^)a|| L2 

<c||<z;O s £|U= 

for all j, ft > 0. Combining (|AT2|) . (TO]) and ([X4]) , we obtain (1). 



PSEUDO-DIFFERENTIAL OPERATORS WITH SYMBOLS IN a-MODULATION SPACES 19 



We next consider (2). Assume that 
(A.5) Bl n ) 2 n/2) (R n x K") ^ L 2 (R 2 ") n 5*(R 2 "), 

where s > n. We note that 

(A.6) B^ +aa (R 2n ) ^(si,s 2 ) ( R " x R ") 

if si,S2 > (see (25l Theorem 1.3.9]). In fact, since supp$o C {(#,£) ■ (\x\ 2 
IC| 2 ) 1/2 < 2} C {(x,0 : \x\ < 2, |e| < 2} and supp$, c {(x,Q : 2^ < (\x\ 2 
|£|2)i/2 < 2 J+i} c {( Xj £) : | x | < 2J+ 1 , |£| < 2^ +1 }, where $ ,$j G <^» 2 ™^ 
in (|2. 1 1|) with 2n instead of n, we have 

oc oc 

ii^iIb?- 1 , = EE 2fesl+ ' S2 lk*P-)w(^c)"ll^(»»xR-) 

(*1.*2J ~~ 

k=0 1=0 



oo oo oo 



< EEE 2fcsi+ " S2 \\MD x )MDd^(D^ML H w 

k=0 £=0 3=0 
oo j+1 j+1 

= E E E 2kSl+iS2 \\MD x )wm(®j (An.eMIUn 

j=0 fe=0 £=0 

j=0 \k=0 ) \(=0 I 



< cJ2^ {si+S2) \\^3(d^Mlh^,^) = c\w\ 



IB , 
j=0 

Then, it follows from ([£3]) and (jW6|) that B^ 1 (M 2n ) <-> L 2 s (R 2n )DH s (R 2n ). How- 
ever, this contradicts the fact that B^(R 2n ) L 2 (R 2n ) n 5 s (M 2 ™) (see the proof 
of Proposition E2|. □ 

Appendix B. Proofs of Lemmas 12.11 and 4.1 

Proof of Lemma\2J± Assume that (Q + 5(0, R)) n Q' ^ 0, where Q, Q' G Q 

We consider the first part. Let £q,q' G (Q + 5(0, 5)) n Q'. Since £q,Q' = £q + 6 
for some £q G Q an d £ G 5(0,5), we see that (£q,q') x (£q)- Hence, by (|2.9[) . 

<Cq) - <Cq) - (&3,Q')> where G Q- Similarly, (£ Q /) x (£q,q/), where £q/ G Q'. 

We next consider the second part. It follows from the first part that \Q\ X 
(fo ) X ) - I Q' I , and consequently 

(B.l) IQI-IQ'I if (0 + 5(0,5)) nQV0- 

Let B(c Q ,r Q /2) C Q G B(d Q ,2R Q ) and B(cQ>,r Q >/2) G Q' C B(d Q ,,2R Q ,), 
where Q,Q' e Q (see flU}). By (|2"77|) and ifBTT)) . we see that 5q x 5q/. Then, by 

mm, 

0^ (Q + 5(0,5)) nQ' G (B(d Q ,2R Q ) + 5(0,5)) n B(d Q -,2R Q ,) 
= B(d Q ,2R Q + 5) n B(d Q ,,2R Q ,) C 5(d Q , (2 + k 2 T 1 R)R q ) D B(d Q ,,2R Q ,). 

Combining B(d Q , (2 + k^ 1 R)Rq) n B{d Q ,,2R Q ,) ^ and 5 Q X 5 Q ,, we obtain 
that B{dQi ,25q<) C 5(c£q, k 3 Rq) for some constant K3 > 2 independent of Q, Q'. 
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Hence, since cq £ B{dq, k^Rq) and tq X Rq, if (Q + B(0, R)) (~l Q' ^ then 

(B.2) Q' C B(d Q ,,2R Q ,) C B(cIq, k^Rq) C S(c Q ,« 4 r Q ), 

where K4 is independent of Q, Q' G Q. Let Qj, i = 1, . . . , no, be subsets of Q such 
that Q = U^Qj and the elements of Qi are pairwise disjoint (see (TJ Lemma B.l]). 
Set Aq = {Q' 6 Q : (Q + 5(0, i?)) HQ'/ 0}. By we have 

^ |Q'| < |B( CQ , K 4r Q )| = (2« 4 )"|S(c Q ,r Q /2)| < (2 K4 ) n |Q| 
Q'eA Q ng, 

for all 1 < i < no. Therefore, by (|B.1[) , we see that 

no no 

($Aq)\Q\<Y, E («5|Q / |)<«5£(2K4) n |Q|=no(2«4) n « 6 |Q|, 
»=i Q'eA Q nQ; i=i 

that is, %Aq < no(2K4) n n^. The proof is complete. 

Proof of Lemma \4^l\ Let <p £ <S(R ra ) be such that i/j(0) = 1, J Rn ip{x) dx = 1 
and suppt^ C {x £ W 1 : \x\ < 1}. If we set a e (x) — (p(ex)(<p e * a)(x), then 
{ a e}o<e<e(a) C <S(R n ) satisfies (1) and (2), where (f e {x) — e~ n <p(x/e) and e(a) will 
be chosen in the below. 

We first consider (2). Since \a(x) — a(y)\ < ||Vo||i,«.|a; — y\ for all x,y £ R", we 
see that 

\di(a € (x))\ < e\(diip){ex) ip 6 * a(x)\ + \ip(ex) (p e * (did)(x)\ 

< e\{d iV ){ex) (<p e * a(x) - a(0))| + e\{d iV ){ex) o(0)| + \\<p\\ L x \\<p\\ L ~ \\ Va|| L ~ 

< e|(V^)(ea!)| f ||Vo|U-(l + \x\)(l + e\y\)\<p.(y)\ dy 

JM. n 

+ e\a(0)\\\V<p\\ L °° + \\<p\\ L x\\<p\\ L oo\\Va\\ L °o 

< C*C*||Va|| L - +e| a (0)|||V^|| L » + |MMMU-l|Va|U- 

for all < e < 1, where C* = sup 2 . eR „(l + |x|)|Vy>(x)| and C 2 = J* R „(1 + 
\y\)\<p{y)\ dy. Hence, we obtain (2) with e(a) = min{||Va|| L °°/|a(0)|, 1} if a(0) ^ 0, 
and e(a) = 1 if a(0) = 0. 

We next consider (1). Since a is continuous and |a(ar)| < C(l + |x|) for all x £ R™, 
we see that lim e ^ a e (x) = a(x) for all x £ R™, and |o e (a;)| < C||(/9||l~C^(1 + \x\) 
for all < e < e(a) and x £ R™. Hence, by the Lebesgue dominated convergence 
theorem, we have that \im e ^o(a e Tf, g) = (aTf,g) for all f,g £ S(R n ), and a e f — > 
af in L 2 (R") as e -> for all / £ S(R n ), and consequently T{aJ) -> T(af) in 
L 2 (R n ) as e -> for all / € <S(R n ). The proof is complete. 
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